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New spin models are constructed from Hadamard matrices. Spin models were 
defined by V. F. R. Jones (1989, Pacific J. Math. 137, 311-336). F. Jaeger (1992, 
Geom. Dedicata 44, 23-52) gives a method for obtaining spin models from 
association schemes and he studies spin models on strongly regular graphs. E. 
Bannai and E. Bannai (Spin models on finite cyclic groups, preprint) construct spin 
models from cyclic groups. In this paper, we construct spin models from a certain 
class of distance-regular g aphs, associated to Hadamard matrices. We obtain a 
spin model with loop variables D = 4 f~-  from an arbitrary Hadamard matrix of 
order 4m. © 1994 Academic Press, Inc. 
1. INTRODUCTION 
Spin models were introduced by V. F. R. Jones [6] in connection with 
link invariants. The following definition of a spin model is essentially the 
same as that given in [6]. See also [4, 5, 1]. 
DEFINITION 1. Let a be a complex number, n a positive integer, and D 
one of its square roots. A spin model with loop variable D and modulus a 
is a triple (X,w+,w_),  where X is a finite set of size n and w+,w are 
complex-valued functions on X 2 which satisfy the following properties for 
all a,/3, Y in X: 
(1) w+(a, fi)w_(~, fi) = 1. 
(2) w+(a,/3) = w+(/3, ce). 
(3) w+(c~, a) = a. 
(4) Zx~xW +(Ol, x) = Da -1. 
(5) Ex~x w (a, x) = Da. 
(6) If c~ 4=/3, Ex~xW+(a,  x)w_(/3, x) = 0. 
(7) Ex ~xW+(a, x)w+(/3, x)w_(y,  x) = Dw+(o!,/3)w_(a, y)w_(/3, y). 
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A connected graph F is said to be distance-regular if there are integers 
b i, c i (i > 0) such that for any two vertices u, x at distance i = O(u, x), 
there are precisely ci neighbours of x in F/_ l(u) and b i neighbours of x in 
Fi+l(U), where F/(u) denotes the set of all vertices at distance i from u. In 
particular, E is regular of valency k = b 0. The sequence 
~(r )  = {b0, b 1 . . . . .  bd_l; Cl, c2 , . . .  , Cd} , 
where d is the diameter of F, is called the intersection array of G. For 
two vertices u, v, the size 
= Ir,(u) n Uv) ]  
depends only on the distance a = O(u,v), rather than the individual 
vertices u, v with O(u, v)= a (see [3, 4.1]). In particular k i = I~(u)l, 
which is called the ith valency, does not depend on the choice of a vertex 
u. For three vertices u, v, w, put 
P /Au ,v ,w)  = l r / (u )  • r,.(v) 0 r , (w) l .  
More precise descriptions of distance-regular g aphs are found in [2, 3]. 
The following proposition is obtained directly from Definition 1. 
PROPOSITION 2. Let E be a distance-regular graph of  diameter d with 
the vertex set X.  Put IX[ = n and let D be one of the square roots of  n. Let 
t o, t l , . . . ,  t a be non-zero complex numbers and let w+,w_ be complex 
valued functions on X 2 defined by w+(u, v) = ti, w (u, v) = t~ l, where 
i = O(u, v). Then (X ,  w+, w)  becomes a spin model with loop variable D 
and modulus t o if and only if the following conditions hold: 
(C1) Y'.di=okit i = Dto 1. 
(C2) Y~i=okit[ 1 = Dt o. 
(C3) d d ,~ - 1 Y~i=OY'. j=oPi jt i t j  = 0 (a = 1, 2 , . . . ,  d). 
(C4) For all vertices u, v, w in X, 
d d d 
E E E P i#(u ,v ,w) t i t i t ? '  = Dt~t ; l t ;  l, 
/=0 i=0 j=0 
where a = O(u, v), 13 = O(u, w), ~ = O(v, w). 
A distance-regular g aph having the intersection array 
{4m,4m-  1,2m,1 ;1 ,2m,4m-  1,4m} 
with m > 0 is called a Hadamard graph of order 4m. There is a natural 
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one-to-one correspondence between Hadamard graphs of order 4m and 
Hadamard matrices of order 4m (see [3, 1.8]). In this paper, we prove the 
following result. 
THEOREM 3. Let F be a Hadamard graph o f  order 4m (m > 0). Let 
s, t o, t I be complex numbers such that 
S 2 q- 2(2m -- 1) + 1 = O, t 2 = 
(4m-  1 )s+ 1 '  
t4=1.  
Put  t 2 = Sto, t 3 = - t i ,  and t 4 = t o. Then to , . . . ,  t 4 satisfy the conditions 
(C1)-(C4) in Proposition 2 with D = 4 f ro .  
2. PROOF OF THEOREM 3 
Let H be a Hadamard graph of order 4m (m > 0) and let s, t o . . . . .  t 4 
be complex numbers uch that 
s 2+ 2(2m- -  1)s + 1 =0,  
t~ = 1, t 2 = Sto,  
2x/m- 
t2 :  (4m- -  1 )s+ 1 '  
t 3 = - - t l ,  t 4 : t 0. 
Note that this definition is valid (because (4m - 1)s + 1 4= 0 if s 2 + 
2(2m-  1)s + 1 = 0) and assigns non-zero values to t0 , . . . , t  4. Since 
k i _ lb i _  ! = k ic  i for i = 1 , . . . ,d ,  we get 
k 0 = 1, k 1 = 4m, k 2 = 8m - 2, 
So (C1) becomes 
By t 3 
k 3 = 4m, k 4 = 1. 
t o + 4mt  1 + (8m - 2)t 2 + 4mt 3 + t 4 = 4fm-t o 
= - t l ,  t O = t4, and t 2 = Sto, this becomes 
2t o + (8m - 2)st o = 4fro-to 1. 
Clearly this holds by the assumption t 2 = 2fm-((4m - 1)s + 1) -1  
Condit ion (C2) becomes 
to a + 4mt l  I + (8m - 2)t21 + 4mt31 + t4  1 = 4~t0 ,  
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2to  1 + (8m - 2 ) t21  = 4 fm- t  0, 
1 + (4m - 1)s  -1 = 2 fmt  2. 
By the assumpt ion  t 2 = 2 fm((4m - 1)s + 1)-1,  this is equ iva lent  o 
1 + (4m - 1)s  -1 = 2~/m.  2 fm((4rn  - 1)s  + 1) -1 
This  is imp l ied  by the assumpt ion  s 2 + 2(2m - 1)s + 1 = 0. 
Next  cons ider  cond i t ion  (C3). The  values of  pZ are easi ly computed  by tJ 
the fo l lowing fo rmula  [3, 4.1.7]. 
1 
P•+I , / -  (P~.,-1 b, i +P~t+lC ,+ l -P ; -1 . ,b j -1 )  • 
C]+ 1 
Case a = 1. 
(i, j) p~ tJ 
(0, 1), (1, 0), (3, 4), (4, 3) 1 
(1, 2), (2, 1), (2, 3), (3, 2) 4m - 1 
Cond i t ion  (C3) becomes  
tot? 1 + t l to  1 + t3t41 + t4t31 
+(4m - 1 ) ( t l t21  + te t l  1 + tzt31 + t3t2 l)  = 0. 
= - t  I and t o = t 4. This  fol lows f rom t 3 
Case ~ = 2. 
(i, j)  p2. 
(0, 2), (2, 0), (2, 4), (4, 2) 1 
(1, 1), (1, 3), (3, 1), (3, 3) 2m 
(2, 2) 8m - 4 
Cond i t ion  (C3) becomes  
tot~ 1 + t2to ~ + t2t41 + t4t2 1 
+ 2m(t l t~  1 + t l t~  1 + t3t~ 1 + t3t~ 1) + (8m -- 4) = 0. 
This  is imp l ied  by t 3 = - t , ,  t o = t4 ,  t 2 = st O, and s 2 + 2(2m - 1)s + 
1=0.  
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Case c~ = 3. 
( i , j)  p? ~J 
(0, 3), (3, 0), (1, 4), (4, 1) 1 
(1, 2), (2, 1), (2, 3), (3, 2) 4m - 1 
tot~ ~ + t3to ~ + tit41 + t4t~ 1 
+(4m - 1)(tlt~ -1 + t2t{ 1 + t~t31 + t3t~' ) = O. 
This follows from t 3 = -t~ and t o = t 4. 
Case a = 4. 
(i, j )  p4 
(0, 4), (4, 0) ] 
(1, 3), (3, 1) 4m 
(2, 2) 8m - 2 
tot41 + t4to I + 4rn(t lt31 + t3t{ l) + (8m - 2)t2t~ j = O. 
Clearly this holds. 
Now we consider condition (C4). Since (C4) is symmetric in u, c', we may 
assume O(u,w)<_ O(c,w). Fix three vertices u,c ,w.  Put O(u,L,)= G, 
O(u, w) =/3, 0(c, w) = y, and Pijl = Pijl(tt, u, W). If /3 = 0, we have u = w, 
= y, and Psyz = 0 for i 4= l. Therefore 
E Ps#tit j t ,  1 = E EPi j i ty = ~kyty ,  
i , j , l  j i j 
and (C4) is equivalent to (C1) in the case/3 = O. We we must verify (C4) in 
each of the following cases of (a,/3, y), since triangle inequalities and 
parity conditions forbid other cases. 
(0, 1, 1) (0, 2, 2) (0, 3, 3) (0, 4, 4) 
(1, 1,2)(1,2,3)(1,3,4) 
(2, 1, 1) (2, 1, 3) (2, 2, 2) (2, 2, 4) (2, 3, 3) 
(3, 1, 2) (3, 1, 4) (3, 2, 3) 
(4, 1, 3) (4, 2, 2) 
In the case (a,/3, y) ~ (2, 2, 2), the values of Pijt are easily computed. We 
need the following lemma for the case (a,/3, y) = (2, 2, 2). 
LEMMA 4. I f  O(U, L') = O(U, W) = O(U, W) = 2, then w has precisely m 
neighbours in Fl(u) A F~(u). 
Proof. Put Dj=F~(u) nFj(u).  We have w~D 2. Put e(w,D l )=r ,  
e(w, D~) = s, e(w, D~) = s', e(w, D 3) = r', where e(w, D~) denotes the 
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number  of edges wx with x ~ Dj. Note that every vertex x ~ X has a 
unique opposite vertex x' such that O(x, x')  = 4, since we have k 4 = 1. 
Since the opposite vertex x' of x ~ DI c~ Fl(W) is in D 3 - Fl(w), we get 
r '  _< ID331 - r -- 2m - r. Similarly we get s' < 2m - s. On  the other 
hand, we have r + s = 2m since w has precisely 2m neighbours in Fl(u). 
We have also s + r' = 2m since w has 2m neighbours in F3(v). These 
imply r = r'. By a similar reasoning, we get s = s'. Therefore, since 
r + s + r' + s' = 4m, we must have r = s = r' = s' = m. | 
Case (a,/3, 3,) = (0, 1, 1). 
(i, j, l) Pijt 
(0, 0, 1), (1, 1, 0), (3, 3, 4), (4, 4, 3) 1 
(1, 1,2),(2,2, 1) ,(2,2,3),(3,3,2) 4m-  1 
So, condit ion (C4) becomes 
t2otl 1 + t21to I + t~t4 1 + t2t31 
+(4m - 1 ) ( t2 t21  + tZtl I + tz t31tz t21)  = Dtot ;  2, 
2t2to 1 + (8m - 2)t~t21 = Dtot( 2. 
By t~ = 1, this is equivalent to (C2). 
Case (a, [3, 7) = (0, 2, 2). 
(i, j, 1) Pijl 
(0, 0, 2), (2, 2, 0), (2, 2, 4), (4, 4, 2) 1 
(1, 1, 1), (1, 1, 3), (3, 3, 1), (3, 3, 3) 2m 
(2,2,2) 8rn - 4 
Then condit ion (C4) becomes 
2(tzt21 + t2to l) + (8m - 4)t  2 = Dtoty 2, 
s -1 + s 2 + (4m - 2)s = 2v~s-Zto  2. 
By the assumption to 2 = 2v/-m-((4m - 1)s + 1)-1, this becomes 
s -1 +s  2+ (4m-2)s= (4m-  1)s -1 +s  -2. 
This is implied by the assumption s 2 + 2(2m - 1)s + 1 = 0. 
In a similar way, we can check condit ion (C4) for the remaining cases. 
The values of Pi~t and the equation are given in the Appendix. 
Remark. The spin model given in Theorem 3 was discovered in a study 
of t -homogeneous graphs, which we introduced in [7]. In particular, 
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Hadamard graphs become bipartite 2-homogeneous graphs, which were 
classified in [8]. The list of bipartite 2-homogeneous graphs include 
Hadamard graphs and a 2-cover of the Higman-Sims graph. It must be 
remarked that a spin model was constructed on the Higman-Sims graph 
by Jaeger [5]. 
APPENDIX 
Case (a,/3, y) = (0, 1, 1). 
(i, j, l) P,.j 
(0, O, 1), (1, 1, 0), (3, 3, 4), (4, 4, 3) 1 
(1, 1,2),(2,2,1),(2,2,3),(3,3,2) 4m - 1 
t2t[  ' + t ( to  ~ + t2t4 ' + t2t3 ' 
+(4m - 1)(t2t21 + t~t{ 1 + t~t31 + t2t~ 1) = Dtot[  2. 
Case (ol,/3, y)  = (0, 2, 2). 
(i,j,/) 
(0, 0, 2), (2, 2, 0), (2, 2, 4), (4, 4, 2) 1 
(1, 1, 1), (1, 1, 3), (3, 3, i), (3, 3, 3) 2m 
(2, 22) 8m - 4 
2(tzt2 ' + tZto 1) + (8m - 4)t 2 = Dtot2 2. 
Case (a, 131 y) = (0, 3, 3). 
(i, j, l) Pijt 
(0, 0, 3), (1, 1, 4), (3, 3, 0), (4, 4, 1) 1 
(I, 1,2),(2,2, 1),(2,2,3),(3,3,2) 4m - 1 
tgt31 + t2t41 + t2to + t2t[  1 
+(4m - 1)(t12ty I + t2t[  1 + t2t31 + t~t;  I) = Dtot~:. 
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Case (a , /3 ,  7 )  = (0, 4, 4). 
(i, j, l) Put 
(0, 0, 4), (4, 4, 0) 1 
(1, I, 3), (3, 3, 1) 4m 
(2,2,2) 8m - 2 
tgt41 + t~to 1 + 4m(t21t31 + t2t~ l) + (8m - 2) tz ty  1 
Case (a,/3, 7)  = (1, 1, 2). 
(i, j, l) ~t  
= Dtot22. 
(0,1,1), (1, o, 2), (1, 2, 0), (3, 2, 4), (3, 4, 2), (4, 3, 3) 1 
(2, 1,1), (2, 3, 3) 2m - 1 
(2, 1, 3), (2, 3,1) 2m 
(1, 2, 2), (3, 2, 2) 4m - 2 
t o + t 4 + totlt~ 1 + t l tzto I + t2t3t41 + t3t4t21 + 2m(t l t z t31  + t2t3t l  1) 
+(4m -- 2 ) ( t  1 + t 2 + t3)  = Dt21 
Case (a,/3, y)  = (1, 2, 3). 
(i,j,l) Pij+ 
(0, 1, 2), (1, 0, 3),(2, 1, 4), (2, 3, 0), (3, 4, 1), (4, 3, 2) 1 
(1, 2, 3), (3, 2, 1) 2m - 1 
(1, 2, 1), (3, 2, 3) 2m 
(2, 1, 2), (2, 3, 2) 4m - 2 
totlt21 + totlt~ ~ + tlt2t41 + tzt3to ~ + t3t4t~ 1 + t3t4t2 ~ 
+(2m -- 1)(t l tzt31 + t2t3t;  1) + (4m -- 2 ) ( t  I + t3)  
+ 4mt 2 = Dt~tz~t3 ~. 
Case (a , /3 ,  y )  = (1, 3, 4). 
( i, j, l) Piil 
(0, i, 3), (I, O, 4), (3, 4, 0), (4, 3, 1) 1 
(1 ,2,2) , (2 ,1,3) , (2 ,3,1) , (3 ,2,2)  4m - 1 
tot~t3 ~ + tottt~ ~ + t3t4to ~ + t3t4t~ t 
+(4m -- 1 ) ( t  1 + t 3 + tltzt31 + t2t3t l  1) 
= Dtlt31t41 
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Case (a, [3, y)  = (2, 1, 1). 
(i, j, l) 
(0, 2, 1), (2, O, 1), (2, 4, 3), (4, 2, 3), (1, 1, 0), (3, 3, 4) I 
(1,1,2),(3,3,2) 2m - 1 
(1, 3, 2), (3, 1, 2) 2m 
(2,2, 1),(2,2,3) 4m - 2 
t2to 1 + t2t41 + 2(tot2t~ 1+ t2&t31) + (2m - 1 ) ( t~t~ -1 + t2t~ ') 
+(4m - 2 ) ( t2 /1 -1  + 12t31) + 4mt l t3t21 = Dt2t l  2. 
Case (a, /3,  y)  = (2, 1, 3). 
(i, j, l) Pijl 
(0, 2, 1), (2, 0, 3), (2, 4, 1), (4, 2, 3), (1, 3, 0), (3, 1, 4) 1 
(1,3,2),(3, 1,2) 2m - 1 
(1, 1, 2), (3, 3, 2) 2m 
(2,2, 1),(2,2,3) 4m - 2 
tot2t~ 1 + tot2t31 + t2t4t~ ~ 
+ t2t4t;  1 + tlt3t o' + tlt3t4 1 + 2m(t~t ; '  + t23t; ') 
+(4m - 2)(t l t3tY 1 + te2t[ 1 + t~t3 1) = Dtet{ l ty  I 
Case (a, [3, 3/) = (2, 2, 2). 
(i, j, I) Pijl 
(0, 2, 2), (2, O, 2), (2, 2, 0), (2, 2, 4), (2, 4, 2), (4, 2, 2) 1 
(1, 1, 1), (1, 1, 3), (1, 3, 1), (1, 3, 3) m 
(3, 1, 1), (3, 1, 3), (3, 3, 1), (3, 3, 3) m 
(2,2,2) 8m - 6 
t2to 1 + t~t4 ~ + 2( t  o + t4)  + rn ( t2 t ;  1 + t~t{ 1) + 3m(t  1 + t3)  
+(8m - 6 ) t  2 = Dt21.  
Case (a, /3,  3,) = (2, 2, 4). 
(i, j, I) Pijt 
(0, 2, 2), (2, O, 4), (2, 4, 0), (4, 2, 2) 1 
(1, 1, 3), (1, 3, 1), (3, 1, 3), (3, 3, 1) 2m 
(2, 2, 2) 8m - 4 
t o + t 4 + tot2t 4'  + tzt4to l + 2m(t  1 + t 3 + t2ty I + t~t~ l) 
+(8m - 4)t  2 = Dt41 
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(i, j, 1). Pijt 
(0, 2, 3), (1, 1, 4), (2, O, 3), (2, 4, 1), (3, 3, 0), (4, 2, 1) 1 
(1, 1,2),(3,3,2) 2m - 1 
(1, 3, 2), (3,1, 2) 2rn 
(2,2, 1),(2,2,3) 4m - 2 
t2t41 + t2to 1 + 2(tot2t3 ~ + t2t4tl  1) + (2m - 1 ) ( t z t21  + tzt21) 
+(4m - 2)( tzZt{ 1 + tzt~ 1) + 4mtlt3t21 = Dtet32. 
Case (a , /3 ,  3') = (3, 1, 2). 
(i, j, 1) Pijt 
(0, 3, 1), (1, 2, 0), (3, O, 2), (1, 4, 2), (3, 2, 4), (4, 1, 3) 1 
(2, 1, 3), (2, 3, 1) 2m - 1 
(2, 1, 1), (2, 3, 3) 2m 
(1, 2, 2), (3, 2, 2) 4m - 2 
tot3t~ 1 + tot3t2 x + tlt2to 1 + tlt4t21 + tlt4t31 + tzt3t4 a 
+(2m - 1)(tlt2t31 + t2t3t; 1) + (4m - 2 ) ( t  I + t3) 
+ 4mt 2 = Dt3t l l t21 
Case (a, fl, 3') = (3, 1, 4). 
(i, j, l) Pot 
(0,3, 1), (3, O, 4), (1, 4, 0), (4, 1, 3) 1 
(1, 2, 2), (2, 1, 3), (2, 3, 1), (3, 2, 2) 4m - 1 
tot3tl ~ + tot3t41 + tlt4to 1 + tltat31 + (4m -- 1 ) ( t  I + t3) 
+(4m -- 1)(txt2t;  1 + t2t3tl  1) = Dt3t l l t41.  
Case (a,/3, y)  = (3, 2, 3). 
(i, j, l) Pijt 
(0, 3, 2), (2, 1, 4), (3, O, 3), (1, 4, 1), (2, 3, 0), (4, 1, 2) 1 
(1, 2, 1), (3, 2, 3) 2m - 1 
(1,2,3),(3,2, 1) 2m 
(2, 1, 2), (2, 3, 2) 4m - 2 
t o + t 4 + tot3t21 + t2t3to ~ + tlt2t4 1 + tlt4t2 1 + 2m(t l t2t31 + t2t3t; 1) 
+(4m - 2 ) ( t  1 + t 2 + t3) = Dt21. 
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Case (a ,  3 ,  3') = (4, 1, 3). 
(i, j, l) Pijl 
(0, 4, 1), (1, 3, 0), (3, 1, 4), (4, o, 3) 1 
(1,3,2),(2,2, 1),(2,2,3),(3, 1,2) 4m - 1 
totat ; '  + tot4t~ 1 + t l t3to  a + t l t3t4 1 + (4m - a ) ( t z2t l  l + t~t~ 1) 
+(8m - 2) t l t3 t ;  1 = Dt4t~I t31 .  
Case (c~,/3, y )  = (4, 2, 2). 
(i, j, l) Pijl 
(0, 4, 2), (2, 2, 0), (2, 2, 4), (4, o, 2) 1 
(1,3, 1), (1, 3, 3), (3, 1, 1), (3, 1,3) 2m 
(2, 2, 2) 8m - 4 
t~to I + t~t2 1 + 2tot4t~ 1 + 4m(t  I + t3) + (8rn  - 4 ) t  2 = Dtat2  2. 
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